Abstract. Using the concept of u-distance, a fixed point problem in metric spaces for closed valued maps, is solved. Consequently, several known fixed point results are either improved or generalized.
Introduction
Using the concept of the Hausdorff metric, Nadler [4] introduced the notion of multivalued contraction map and proved a multivalued version of the well-known Banach contraction principle, which states that each closed bounded valued contraction map on a complete metric space has a fixed point. Since then various fixed point results concerning multivalued contractions have appeared. It is worth to mention that using the concept of the Hausdorff metric, the real generalization of the Nadler fixed point theorem was obtained by Mizoguchi and Takahashi [3, Theorem 5] , which is also partial affirmative answer to the classical unsolved problem of Reich [5, 6] .
Introducing the notion of w-distance on a metric space, Kada et al. [1] improved several classical results in metric fixed point theory. Using the concept of w-distance, Suzuki and Takahashi [7] introduced notions of single-valued and multivalued weakly contractive maps and proved fixed point results for such maps. Consequently, they generalized the Banach Contraction principle and Nadler's fixed point result. Generalizing the concept of w-distance, Susuki [8] introduced the notion of τ-distance on a metric space, and improved several classical results including the corresponding results of Suzuki and Takahashi [7] . Most recently, Ume [9] generalized the notion of τ-distance by introducing the concept of u-distance and proved some interesting results.
In this paper, using the concept of u-distance, first we prove our key lemma for multivalued maps in the setting of metric spaces and then prove a result on the existence of fixed points for closed valued maps. Consequently, several known fixed point results get either improved or generalized including the corresponding results of Mizoguchi and Takahashi [3] , Nadler [4] , and Kaneko [2] , Suzuki and Takahashi [7] , Suzuki [8] .
Let us recall some useful notions and facts. Let (X, d) be a metric space. Let 2 X be denote the collection of nonempty subsets of X, Cl(X) the collection of nonempty closed subsets of X and CB(X) the collection of nonempty closed bounded subsets of X. Let H be the Hausdorff metric with respect to d, that is,
A point x ∈ X is called a fixed point of a multivalued map T : X → 2 X if x ∈ T(x) and we denote the set of fixed points of T by
Most recently, Ume [9] generalized the notion of τ-distance by introducing the concept of u-distance as follows:
A function p :
(u 2 ) θ(x, y, 0, 0) = 0 and θ(x, y, s, t) ≥ min{s, t} for each s, t ∈ R + , and for every ϵ > 0, there
Then there exists a mapping η from X × X × R + × R + into R + such that η is nondecreasing in its third and fourth variable, respectively, satisfying (u2)η (u5)η, where (u2)η (u5)η stands for substituting η for θ in (u2) (u5), respectively. (b) In the light of part(a), we may assume that θ is nondecreasing in its third and fourth variable, respectively, for a function θ from
Here we present some examples of u-distance which are not τ-distance.
(For details, see [9] ). Example 1.2. Let X = R + with the usual metric. Define p:
Then p is u-distance on X but not τ distance on X. Example 1.3. Let X be a normed space with norm ∥.∥. Then a function p: X×X → R + defined by p(x, y) = ∥x∥ for every x, y ∈ X is u-distance on X but not τ-distance.
It follows from the above examples and Remark 1.1(c) that u-distance is a proper extension of τ-distance.
Other useful examples on u-distance are also given in [9] .
Let (X, d) be a metric space and let p be u-distance on X. A sequence {x n } in X is called p-Cauchy [9] if there exists a function θ from X × X × R + ×R + into R + satisfying (u2) (u5) and a sequence {z n } of X such that
or
The following lemmas concerning u-distance are crucial for the proofs of our results.
Lemma 1.4. ([9]) Let (X, d) be a metric space and let p be u-distance on X. If {x n } is a p-Cauchy sequence in X, then
{x n } is a Cauchy sequence.
Lemma 1.5. ([9]) Let (X, d) be a metric space and let p be u-distance on X. Suppose that a sequence {x n } of X satisfies
Then {x n } is a p-Cauchy sequence.
We say a multivalued map T : X → 2 X is generalized p-contraction if there exists a u-distance p on X such that for any x, y ∈ X and u ∈ T(x) there is v ∈ T(y) with
k is a function from [0, ∞) to [0, 1) with lim sup r→t + k(r) < 1, for every t ∈ [0, ∞).
In particular, if we consider the u-distance p as a w-distance (τ-distance) and a constant map k = r, r ∈ (0, 1), then a generalized p-contraction map T reduces to w-contractive maps due to Suzuki and Takahashi [7] , (τ-contractive maps due to Suzuki [8] ).
Fixed point result
First, we prove our key lemma in the setting of metric spaces. Lemma 2.1. Let (X, d) be a metric space. Let T : X → Cl(X) be a generalized p-contraction map. Then, there exists an orbit {x n } of T such that the sequence of nonnegative real numbers {p(x n , x n+1 )} is decreasing to zero and {x n } is a Cauchy sequence.
Proof. Let x o be an arbitrary but fixed element of X and let
Continuing this process, we get a sequence {x n } in X such that x n+1 ∈ T(x n ) and
Thus for all n ≥ 1 we have
Write t n = p(x n , x n+1 ). Suppose lim n→∞ t n = λ > 0. Then, we have
Now, taking limit as n → ∞ on both sides, we get
which is not possible and hence the sequence of nonnegative numbers {t n }, which is decreasing, converges to 0. Now, we show that {x n } is a p-Cauchy sequence. Let α = lim sup r→0 + k(r) < 1. Then there exists a real number β such that α < β < 1 . So for sufficiently large n, k(t n ) < β and thus for sufficiently large n, we have t n < βt n−1 . Consequently, we obtain t n < β n t 0 , that is; Proof. Let θ be a function from X × X × R + ×R + into R + satisfying (u2) (u5) for the u-distance p. Let x o be an arbitrary but fixed element of X. It follows from Lemma 2.1 that there exists an orbit {x n } of T with respect to x 0 in X such that {x n } is p-Cauchy sequence and satisfies
for any n, m ∈ N with m > n. By the completeness of X, there exists some v 0 ∈ X such that lim
Consequently, using (u 3 ) we have
Now, since x n ∈ T(x n−1 ) and T is generalized p-contraction map, there is u n ∈ T(v 0 ) such that
Note that θ is nondecreasing in its third and fourth variables (see; Remark 1.1 (b)), and thus it follows that Remark 2.4. Theorem 2.2 is an improved version of Theorem 5 of [3] and generalizes Theorem 2 of [7] and Theorem 2 of [8] .
